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Lecture 1: Fields and Vector Spaces



Welcome to Mathematical Toolkit

Course goal: develop basic mathematical tools useful in various areas of CS.  Focus 
on linear algebra and probability: both underlying theory and various applications.

• Canvas site and webpage

• Lecture notes on webpage

• Homework 1 out today, due March 29.

• Optional but recommended discussion session [Fri 2:00-2:50 in TTIC 529]

• Coursework: 5 homeworks (12% each, 60% total), 1 midterm (15%), 1 final (25%).

Let’s get started!





• Additive identity: 0ℚ2 = (0, 0).

• 1,−1 ⋅ 1,1 = (0,0)

Field?  No.  
Fact. If 𝑎𝑎 ⋅ 𝑏𝑏 = 0𝔽𝔽, then at least one of 𝑎𝑎 or 𝑏𝑏 is equal to 0𝔽𝔽

Another Argument: Multiplicative identity must be (1,0), but then no inverse for (1,-1).



[Will verify on homework]

Field?  No.  Multiplicative identity must be (1,0), but then no inverse for (1,-1).



[Equivalently, one can be written as a 
linear combination of the others]



Let’s consider ℝ2

• Give an example of 3 vectors that are linearly dependent.

• Give an example of 2 vectors that are linearly independent.







• If 𝐵𝐵 satisfies 3.3 then also satisfies 3.4:

• If 𝐵𝐵 satisfies 3.4 then also satisfies 3.3:





• Use Exchange principle to successively replace v’s with w’s. 

• Never use same w twice (since always linearly indep of current set).

• End with a subset of 𝐵𝐵2 which means 𝑘𝑘 ≤ 𝑛𝑛.

• Go in other direction to get 𝑛𝑛 ≤ 𝑘𝑘.



• If not linearly independent, pick some element that can be written as a linear 
combination of the others and remove it.  Repeat.



• Recall Proposition 3.4: a basis is a maximal linearly independent set.

• If S is not a basis, there must exist some 𝑣𝑣 ∈ 𝑉𝑉 ∖ 𝑆𝑆 such that 𝑆𝑆 ∪ {𝑣𝑣} is linearly 
independent.  Add it into 𝑆𝑆 and repeat.



• If not, you could grow it using Prop 3.4, and get two bases of different size.
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